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ABSTRACT

Numerical simulations were used to study the flow of a Maxwell fluid across a non-linear stretching sheet. The effects of thermal radiation, magnetic
field, and porous media, were all taken into account within the parameters of the experiment. The non-linear governing equations and the associated
boundary conditions were solved using an approach called the finite element technique. Several technical features were used to examine the effects of
various factors on the temperature, concentration, and velocity profiles. This study considered parameters like, the magnetic field , permeability , non-
linear stretching sheet, Prandtl number, and the thermal radiation. The study also examines the graphical depictions of how the physical elements affect
the skin-friction coefficients along the x and y - directions and heat transfer rate. This was done in tandem with the findings, which are shown graphically.
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INTRODUCTION

Fluids play a critical role in numerous industrial processes,
with non-Newtonian fluids exhibiting particularly unique
rheological properties. Applications such as plastic sheet
extrusion, paper manufacturing, metal spinning, and glass
fiber production, exemplify the widespread use of these
materials. Maxwell's model, a cornerstone of non-Newtonian
fluid theory, provides a framework for predicting stress
relaxation behavior in these complex systems. Furthermore,
magnetohydrodynamics (MHD) elucidates the interaction
between magnetic fields and electrically conductive fluids in
motion. This interaction generates forces within the fluid,
enabling novel control mechanisms and applications in
various industrial settings.

Sandeep and Sulochana (2018) conducted a comprehensive
investigation into the stretching surface flows of Oldroyd-B,
Jeffrey, and Maxwell fluids, considering the effects of
nonuniform heat source/sink perturbations and radiation. In a
subsequent study, Farooq et al. (2019) delved into the
exponentially expanding sheet flow of Maxwell-type
nanomaterials. Wang et al. (2019) and Sun et al. (2019)
developed a model for incompressible Maxwell fluid flow
through a tube with a triangular cross section, which could be
either rectangular or isosceles. The unsteady flow of
viscoelastic fluid with a fractional Maxwell model in a
channel, was investigated by Haitao and Mingyu (2007).
Wenchang et al. (2003) utilized the fractional Maxwell model
to investigate the unsteady flows of a viscoelastic fluid
between two parallel plates. Qi and Liu (2011) explored
analogue duct flows of a fractional Maxwell fluid. On the
other hand, Saleem et al. (2017) examined the 3D mixed
convective Maxwell fluid, using mass and heat Catteneo-
Christov heat flow models, while considering heat
production. Similarly, Fetecau and Fetecau (2003)
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discovered an exact numerical solution for fluid flow in
Maxwell's law.

Apart from the above studies , the propagation of Maxwell
fluid in a porous medium was studied by Wang and Hayat
(2008) and the behaviour of fraction Maxwell fluid in
unsteady flow was investigated by Fetecau et al. (2014). A
two-dimensional magnetohydrodynamic (MHD) Maxwell
fluid was also studied by Hayat et al. (2009). Similarly,
Heyhat and Khabzi (2011) investigated the upper-convicted
Maxwell (UCM) fluid flow across a flat rigid region in a
magnetohydrodynamic (MHD) system and series solutions
for two-dimensional magnetohydrodynamic circulation with
thermophoresis and Joule heating, were obtained by Hayat
and Qasim (2010). Similarly, Jamil and Fetecau (2010)
studied Maxwell fluid in relation to helical flows between
coaxial cylinders. Zheng et al. (2011) found exact
mathematical solutions for a rotating flow model based on a
generalized Maxwell fluid. To better understand how
Maxwell fluid behaves in the presence of porous media,
double-diffusive convection, and Soret effects, Wang and
Tan (2011) also undertook a stability study. Sivaiah et al.
(2012a,b,c) modeled and analyzed heat and mass transfer
effects on unsteady MHD convection flow via finite element
method. Motsa et al. (2012) examined the UCM flow in a
porous structure. Reddy et al. (2012) too studied heat and
mass transfer effects on unsteady MHD free convection flow
past a vertical permeable moving plate with radiation. Further,
the dynamics of thermally radiative Maxwell fluid flow over
a continuously permeable expanding surface were
characterized by Mukhopadhyay et al. (2013). Ramesh et al.
(2017) too examined the Maxwell fluid with nanomaterials
for magnetohydrodynamic (MHD) flow in a Riga plate
computationally. In addition to above mentioned studies,
Deepa and Murali. (2014) and Deepa and Gundagani (2014)
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analyzed the viscous dissipation, soret and dufour effects on
unsteady MHD flow using finite difference method.

In the realm of magnetohydrodynamic (MHD) driven
systems, the finite element solutions found by Murali et al.
(2023) and Murali and Babu (2023) represented a significant
advancement. The comprehension of these solutions was
greatly enriched by the foundational research of Babu et al.
(2015, 2018), whose seminal works are meticulously cited
throughout the literature. Besides, heat and mass transfer
effects were studied by a large number of researchers like
Singh et al. (2023), Gundagani et al. (2012, 2013a,b,
2024a,b), Tanuku et.al (2024), Gundagani and Babu (2012)
and Murali et al. (2015a,b). The interplay of these scholarly
contributions has undeniably propelled the field forward,
offering a robust framework for future explorations and
applications within the domain of MHD systems.

An analysis is presented here on the magnetohydrodynamic
(MHD) flow of a non-Newtonian, non-viscous Maxwell fluid
via a stretched surface in a porous medium, considering the
influence of heat radiation. Non-linear ordinary differential
equations are solved using the finite element treatment. The
temperature, velocity (in the x and y-directions), and profiles
are examined by the use of graphs derived from the solutions
obtained by the finite element method. Data on the Skin-
friction coefficients in the x and y directions, along with the
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local Nusselt number, are analyzed using tabular
representations. The obtained findings show a high level of
concordance with past data in comparison to currently
available data.

MATHEMATICAL FORMULATION

In this section, the effects of thermal radiation and magnetic
field on three-dimensional, steady, incompressible, viscous,
non-Newtonian Maxwell fluid flow, past a stretching surface
embedded in porous medium, has been dealt. The geometry
of the fluid flow is shown in Figure 1. To undertake this
inquiry, the following premises are assumed:

i.  The magnetic Reynolds number is considered as low as
possible to neglect the induced magnetic field.

The velocities of the sheet along the x - and y - directions
are assumed to be Uw (x) = ax and Vw (y) = by
respectively.

A magnetic field of strength B, is applied to the flow.

iv. In energy equation, Ohmic heating, Thermophoresis,
Brownian motion, Viscous dissipation, Diffusion thermo,
Heat source and Joule heating effects are neglected.

v. Let Tw be the constant temperature at the sheet, whereas

T denotes the fluid temperature outside the thermal
boundary layer.

Uy (X)=ax

Figure 1. Geometrical representation of Maxwell fluid flow
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Based on the above assumptions, the basic governing
equations for Maxwell-Nanofluid flow are,

Continuity Equation:

ou oV  oOw
—+—+—=0
oxXx oy oz )
Momentum Equation:
u(ux)+v(uy)+w(u1)+/1[uz(uu)+v7(uw)+w2(uu)+Zuv(uw)+2vw(uyz)+2uw(un)]:uu—(%)u—[U(B“)Z]u
P
)
u(vx)Jrv(vy)er(vZ)+/‘L[uz(\/KX)Jrvz(uW)+wz(uu)+2uv(vxy)+2vw(vyz)+2uw(vn)]:vu—(%)u—[(y(B“)2
P
@)
Equation of thermal energy:
(aTj oT (BTJ o°T 1 (aqrj
Ul — |+v| — |[+W| — |=« -
ox oy oz oz° pC,\ oz )

The boundary conditions for this flow are

u=U,=ax, v=V, =by, w=0, T=T, at z=0&u—0, v—0, T>T, as z>w» (5)

The radiative heat flux A (using Roseland approximation) is
defined as

_aofor
G = 3K"| oz (6)

We assume that the temperature variances inside the flow are

such that the term T* can be represented as linear function of

temperature. This is accomplished by expanding T%in a
Taylor series about a free

stream temperature T as follows:

T =T 4T3 (T =T,)+6T (T =T, )+ @

After neglecting higher-order terms in the above equation

T-T
beyond the first-degree term in ( ® ) , We get

T4 =4T°T -3T*

©)
Thus substituting Eq. (8) in Eqg. (6), we get
q __16TOC0* (a'l'j
' 3K* 0z (9)

Using (9), Eq. (4) can be written as

[6TJ [6TJ [6TJ [8ZT] 1 [16ch5](6le
Ul — [+v| — |+W| — |=a| — |[+— — | —
ox oy oz oz ) pC,\ 3k oz? 10)

v
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Initiating the following similarity transformations

q:[\/éjz, u=axt'(n), v=ayg'(n), 6= {,:E’W:VM{f(n)+g(”)}

(11)

Making use of Eg. (11), equation of continuity (1) is
identically satisfied and Egs. (2), (3), and (10) take the
following form

£ f 24 ff "4 gf "= MF '+K{2ff fre2gf fro(fag) f "'}-5f =0 (12)

g"-g”+fg"+gg "~ Mg‘+K{2fg'g"+29g'g"—(f +g)’ g“'}—ﬁf '=0 (13)
d 3\ / y
{[(u R(1+(0,-1)0) )0 }}+ Pr {0/ +Prge’ =0
o7 (14)
the corresponding boundary conditions (5) becomes

f(0)=0, g(0)=0, f'(0)=l g'(0)=C, 6’(0)=1, f'(oo)—)(), g’(oo)—)O, 6‘(00)—)0 (15)

where the involved physical parameters are defined as

3
u=5 g_4a =8 gw=?,pr=1,g=125§ 5= 1‘;
o, o & 4 th, (16)

Quantities of physical interest, the physical parameters of the
skin-friction coefficient along x and y - directions, local
Nusselt number are presented as follows:

c,=tm 1 (guj =Cix=C, ({Re, )= "(0)
y=0

YA Y -
o ;\V;yz ) PCWZ (glo Bt ny( " ) o) (18)
53
M) YT T 7 = Nu=— (1R (R, )7 (0) )
Where Re :¥ is local Reynolds number based on the

VY
e =
stretching velocity Uw (x) and * v is local Reynolds
number based on the stretching velocity Vuw (y).

METHOD OF SOLUTION

Numerous numerical techniques, including as the LU
decomposition approach, the Gauss elimination method, and
others, can be used to solve built equations. It is crucial to
keep in mind the form functions used to approximately
approximate real functions while working with real numbers.
The flow domain is made up of 10,000 identically sized
quadratic components and a total of 20,001 nodes. 10,000
quadratic components of identical size make up the flow
domain. We were given 80,04 nonlinear equations to
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research after constructing the fundamental equations. The
remaining system of nonlinear equations is then numerically
solved with a precision of 0.00001 using the Gauss
elimination method, once the boundary conditions have been
applied. The use of Gaussian quadrature makes integrates
solutions easier. The method's computer software was written
in the MATHEMATICA programming language and
executed on a desktop machine.

PROGRAM CODE VALIDATION

The validation of present numerical results is compared with
the published results of Mushtaq et al. (2016) in Table 1 in
absence of magnetic field and porous medium effects for
various values of C at Pr = 1.0. From this table, it is observed
that, the present results are in very good agreement with their
results.

RESULTS AND DISCUSSION

In the previous section, the set of ordinary differential
equations (12), (13) and (14) are solved using the finite
element method with the help of boundary equations (12). In
this section, we demonstrate the effects of various parameters
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such as M = 0.5, K= 0.5, C = 0.5, Pr = 0.22, R= 0.5, and
0=0.1, 6, = 0.5 on velocity (velocity components along the
x - and y - axes) and temperature profiles (Figures 2-12).
Also, the numerical values of Skin-friction coefficients along
x - and y - axes and rate of heat transfer coefficient with the
same parameter variations are discussed in Tables 2, 3 and 4
respectively.

Figures 2 and 3 show the effect of magnetic field parameter
(M) on velocity profiles along x - and y - directions
respectively. It has been shown that the velocity fields
diminish as the value of M rises. The fluid flow tends to slow
down in the presence of a magnetic field. The influence of
Maxwell fluid parameter or Deborah number (K) on the x -
and y - components of velocity is sketched in the Figures 4
and 5 respectively. The fluid's relaxation period's deviation
from its basic time scale is quantified by the Deborah
number. The relaxation period is the amount of time the fluid
requires to reach equilibrium following the application of the
shear force. It is anticipated that fluids with a higher viscosity
may take longer to relax.

Table 1. Validation of present numerical results with the published results of Mushtaq et al. (2016) for different values of C at Pr =

1.0whenM =0,and 6 =0.

C Present numerical results Obtained by Mushtag et al. (2016)
— (0 —9"(0) —0'(0) — " (0) —9"(0) —0'(0)
0.25 1.0256378487 0.1181027022 0.6515670171 1.048811 0.194564 0.665926
0.50 1.0859659654 0.4526534797 0.7234146547 1.093095 0.465205 0.735333
0.75 1.1287554899 0.7865763453 0.7753675487 1.134486 0.794618 0.796472
1.00 1.1645765434 1.1609873546 0.8409867124 1.173721 1.173721 0.851992
1-[} - T T T T T T T T T T T T T T ]
0.8} ]
= 0.6} M=0.1,0.3,0.5,0.7 i
“~ 0.4f
0.2¢
D-D :I 1 PR 1 PR PR 1 PR 1 1 1
0.0 0.5 1.0 1.5 20 25 3.0

i

Figure 2. Primary velocity profiles (1) for different values of Magnetic field parameter (M)
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Figure 3. Secondary velocity profiles (g") for different values of Magnetic field parameter (M)
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Figure 4. Primary velocity profiles (1) for different values of Maxwell fluid parameter (K)
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Figure 6. Primary velocity profiles (') for different values of permeability parameter ()
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Figure 9. Secondary velocity profiles(g’) for different values of velocity ratio parameter (C)

Itis possible to interpret an increase in K in this way because
fluid viscosity restricts fluid motion and lowers velocity. As
a result, the hydrodynamic boundary layer thins when K is
increased. It is also noted that change in the velocity fields /'
and g ' is larger in the three-dimensional flow when compared
with the two-dimensional and axi-symmetric flows. Figures
6 and 7 illustrate the effect of permeability parameter (6) on
the velocity distributions along x - and y - directions
respectively. From these figures, it is observed that the
velocity profiles decreases with the increase in permeability
(porosity) parameter K. This arises because an increase in K
amplifies the porous layer and thereby reduces the thickness
of momentum boundary layer.

Figures 8 and 9 show the behaviour of velocity ratio
parameter (C) on primary and secondary velocity profiles
respectively. From these figures, it is observed that, both the
primary and secondary velocity profiles increase with rising

50

values of velocity ratio parameter. The variation of Prandtl
number on temperature outlines is shown in Figure 10. It is
concluded that increasing values of Prandtl number result in
a thinner temperature boundary layer thickness. Fluids
having larger Prandtl number have lower thermal diffusivity,
and hence the temperature decreases. Figure 11 shows the
variation that are seen in temperature profiles due to increase
in the values of (R). Because the conduction effect of the
nanofluid increases in the presence of R, it is noticed that the
fluid temperature rises as R increases. Higher values of R thus
imply higher surface heat flow, which raises the temperature
in the boundary layer area.

Figure 12 includes the behaviour of temperature ratio
parameter 6w on the temperature distribution. Bigger values
of 6w corresponds to a larger temperature and thicker thermal
boundary layer.
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Figure 10. Temperature profiles for different values of Prandtl number (Pr)
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Figure 11. Temperature profiles for different values of thermal radiation parameter (R)
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Figure 12. Temperature profiles for different values of temperature ratio parameter(6w)

This is explained as follows. It is clear from energy Eqg. (14)
that effective thermal diffusivity is the sum of classical
thermal diffusivity («) and thermal diffusivity due to the
radiation effect. Thus one anticipates that parameter 6, being
the coefficient of the later term, would support the thermal
boundary layer thickness. It can be further noticed that the
profiles attain special S-shaped form when 8. enlarges, which
dictates the existence of adiabatic case. In other words, the
wall temperature gradient approaches zero value when wall
to ambient temperature ratio is sufficiently large.

The numerical values of various parameters namely, M, K, C,
d, Pr, R, 8w on Skin-friction coefficients along x - (Cfx) and y
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- (Cfy) directions are discussed in Tables 2 and 3 respectively.
From these tables, it is observed that, the Skin-friction
coefficients along x - (Cfx) and y - (Cfy) directions are
increasing with increasing values of C, R, fwand is
decreasing with increasing values of M, K, and Pr. From these
tables, it is observed that, the Skin-friction coefficients along
X - (Cfx) and y - (Cfy) directions are increasing with
increasing values of C, R, 6wand is decreasing with
increasing values of M, K, and Pr. The tabular values of rate
of heat transfer coefficient or Nusselt number (Nu) for
different values of Pr, R, and 6w are shown in Table 4. From
this table, it is observed that, the rate of heat transfer
coefficient is increasing with rising values of R, 6w, and
opposite effect is observed with the effect of Pr.
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Table 2. Results of Skin-friction coefficient along x-direction

M K 0 C Pr R Ow Cfx

0.1 0.2 0.1 0.5 0.71 0.5 0.5 3.5667620975
0.3 3.5014748743
0.5 3.4867190992
0.4 3.5153646203
0.6 3.4714674308
0.3 3.5125675082
0.5 3.4956748481
1.0 3.5966573450
15 3.6145780621
1.00 3.5045465823
3.00 3.4714665621
0.7 3.5856187502
0.9 3.6064720278
0.7 3.5856586580
0.9 3.6036465591

Table 3. Results of Skin-friction coefficient along y-direction

M K P C Pr R O Cfy
0.1 0.2 0.1 05 0.71 05 05 | 2.7590650945

0.3 2.7254704872
0.5 2.6947557921
0.4 2.7215627057
0.6 2.6945469252
0.3 2.7105657871
0.5 2.6845586825
1.0 2.7857501722
15 2.8045252876
1.00 2.7156706702
3.00 2.6835456924
0.7 2.7845645923
0.9 2.8056756108
0.7 2.7756701011
0.9 2.7956750572

Table 4. Rate of heat transfer coefficient results

Pr R Ow Nu

0.71 | 0.5 | 0.5 | 1.8548832158
1.00 1.8113760176
3.00 1.7859060651
0.7 1.8838604560

0.9 1.9075789431

0.7 | 1.8945457965

0.9 | 1.9036460934

The tabular values of rate of heat transfer coefficient or CONCLUSIONS
Nusselt number (Nu) for different values of Pr, R, and
6w are shown in Table 4. From this table, it is observed that,
the rate of heat transfer coefficient is increasing with rising
values of R, 6w, and opposite effect is observed with the
effect of Pr.

The present study investigates the combined impact of heat
radiation and magnetic field on a stable, two-dimensional,
incompressible, viscous, non-Newtonian Maxwell fluid
flowing towards a stretched sheet in the presence of a
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porous material. The fundamental partial differential
equations are used to represent the present problem prior to
their transformation into ordinary differential equations.
Next, the finite element approach is used to numerically
solve these equations. Hence, it is feasible to analyze and
communicate the velocity and temperature patterns
graphically. Key aspects of this effort are:

i. The velocity profiles along x - and y - directions
decrease with increasing values of Maxwell fluid
parameter, magnetic field parameter, permeability
parameter, and the reverse effect is observed in the
case of velocity ratio parameter.

ii. The temperature profiles show increasing trend with
increasing values of thermal radiation parameter, and
temperature ratio parameter while reverse effect is
observed in the case of Prandtl number.

iii. Finally, the present numerical results are very good
agreement with the published results of Mushtaq et
al. (2016).

List of Symbols:

u, v, W > Velocity components in x, y and zaxes

respectively (m/s)

X Y2 : Cartesian coordinates measured along the
stretching sheet (m)

Dimensionless stream function along x -
direction (kg / m. s)

!
f : Fluid velocity along x - direction(m/s)
Ko: Dimensional Permeability parameter
g. Dimensionless stream function along y -
direction (kg / m. s)
g . Fluid velocity along y - direction(m/s)
Pr: Prandtl number
T: Fluid temperature (K)
*: Temperature of the fluid far away from the
stretching sheet (K)
Cf

X Skin-friction coefficient along x - direction (s%)

CfX: Non-dimensional skin-friction coefficient along
x - direction (s%)

M : Magnetic field parameter

B° : Uniform magnetic field (Tesla)
4, b: Constants

TW

: Temperature at the surface (K)
© : Origin
: Maxwell fluid parameter
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R. Thermal radiation parameter
0.
Cf

Y. Skin-friction coefficient along y - direction (s)

Radiative heat flux

Cfy : Non-dimensionalSkin-friction coefficient along
y - direction (s?)

U, (X
W( ) : Stretching velocity of the fluid along x -
direction (m/s)

V
w (y) : Stretching velocity of the fluid along y -
direction (m/s)

G : Heat flux coefficient
Nu :  Rate of heat transfer coefficient (or) Nusselt
number
P.  Specific heat capacity of nano particles (J/kg/
K)
C : Stretching sheet parameter
Re, .
> Reynolds number along x - direction
Re o
Y. Reynolds number along y - direction
K. Mean absorption coefficient
Greek symbols:
7. Dimensionless similarity variable (m)
0 : Dimensionless temperature (K)
V. Kinematic viscosity (m?/s)
O:  Electrical Conductivity
P Fuid density (kg / m®)
K- Thermal conductivity of the fluid
T
WX Wall shear stress along x - direction
Ty o
Wall shear stress along y - direction
o : Permeability parameter
a. Thermal diffusivity, (m?/ s)
0, _
: Temperature ratio parameter
O . Stefan-Boltzmann constant
A : The fluid relaxation time
H : Dynamic viscosity of the fluid
P .

: Density of the fluid (kg / m®)
Superscript:

Differentiation w.r.t 5

Subscripts:

f : Fluid

W. Condition on the sheet
0. Ambient Conditions
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