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ABSTRACT

Fractal Analysis deals with the science of complexity. Fractal analysis is more economical and most
powerful method for analyzing the time series data. Fractal geometry allows the description of natural
patterns by simple numbers, to facilitate their comparison and to establish and test models of
pattern formation (Kruhl, 1994) The purpose of this paper is to study the geometrical complexity
of geomagnetic secular variations estimated by fractal dimension, the disorder of the unpredictable
secular variations estimated by Lyapunov exponent and the non linear system represented at each
instant of time by a point which traces out a trajectory during this time defined by the state of
variables- phase space analysis, for the available data of geomagnetic secular variations at Indian
observatories. The result of the analysis confirms the previous results of secular variation anomalies
at the Indian observatories. Regional inconsistencies for the declination (D) and vertical (Z)
components for the Hyderabad and Sabhawala observatories are brought out in this paper. Analytical

technique and the results of the analysis are discussed

INTRODUCTION

A fractal is a recently discovered kind of geometrical
object and it is furthermore one which describes nature
much better that Euclidean objects, which are based
on regular geometrical shapes like straight line, circles,
etc. As Benoit Mandelbrot said:”Clouds are not
spheres, mountains are not cones, coastlines are not
circles and bark is not smooth... nor does lightning
travel in a straight line.” Several aspects of these
natural phenomena can be described much well as
fractals. Many aspects of geology and geophysics are
complex just as various problems in biology,
economics and human behavior are complex. There
are also links between important problems in such
diverse areas engaging the attention of a number of
scientists motivating them to propose a new science
of complexity. The new paradigm of science includes
fractals, chaos and self organized criticality. The
studies are extremely active and it is impossible to
predict with certainty what the future holds in
different real life situations. Fractals provide rational
means for the extrapolation and interpolation of
seemingly disconnected observations. It is recognized
that complex fractal dimensions lead to log-periodic
behavior. It has been suggested that log-periodic
behavior may lead to a viable earthquake prediction
strategy (Donald Turcotte 1997). Fractal analysis is
having its own advantage over the power spectrum

analysis. Fractal analysis is free of the assumptions
of data continuity; it can also access the asymptotic
of the power spectrum directly.

Kabin & Papitashvili (1998) preferred the fractal
analysis than the conventional Fourier transforms
method to study the properties of the IMF and the
Earth’s magneto tail field. Geomagnetic Secular
variations at Indian Observatories have been widely
studied by many scientists. Changes in the main field
are not linear in time, it is smooth, and that it often
keeps the same sign over several decades (Parkinson
1983). The secular trend in the vertical component
and the direction of the migration of dip equator in
the Indian zone are consistent (Rangarajan & Deka
1991). A strong correlation between the southern
observatories and sudden change in characteristics for
the low-to mid latitude observatories of Alibag and
Sabhawala of secular variations have been found
(Nandini Nagarajan 1992). The secular changes in the
dip equator are determined by the eccentric dipole
approximation of the earth’s main field (Rangarajan
1994). A comparison between the observed annual
means and IGRF models reveals very low secular
variations anomaly in the Indian region (Bhardwaj &
Rangarajan 1997). Field disturbance measured by
observatories plays an important role in modeling the
main field. The secular changes and non-dipole pattern
movements are used by the paleo magneticians to help
to define the process within the liquid outer core and
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core-mantle boundary where the Earth’s main field
characteristics are generated (Campbell 1997). As
confirmed by IGRE, a chaotic geomagnetic field implies
the impossibility of predicting its behavior over an
interval longer than a few years. Prediction of
observatory data for global models in a phase space
with at least E=3(embedding dimension) instead of
simple extrapolation in time would greatly improve
the global model. Instead of producing the smoothest
possible model, the fractal property which is present
for a longer period of time should be taken into
account. The data of the observatories, Alibag,
Hyderabad, Kodaikanal, Sabhawala and Trivandrum
are used for this analysis. Fractal dimensions are
calculated by the method followed by Kabin &
Papitashvilli (1998). The result of the analysis
confirms the low dimensional chaotic (Donald
Turcotte 1997) behavior of geomagnetic secular
variations at the Indian region.

DATA ANALYSIS

Annual mean values of the geomagnetic field
components horizontal (H), vertical (Z) and declination
(D) of the Earth’s magnetic field published in the
Indian Magnetic Data for the period from 1960 to 1999
have been used for this analysis. For Trivandrum
Observatory, the recoding of data stopped from October
1999 as the station was wound up and hence no data
afterwards. For Kodaikanal Observatory, there was no
data after 1997 due to nonfunctioning of Z variometer.
Though the effect of geomagnetic storm time
variations (Sridharan & Ramasamy 2002) is likely to
be present in this data, the secular trend for quiet and
disturbed days are not different (Bharadwaj &
Rangarajan 1997)  For the Hyderabad observatory,
the data is available from 1966 and for Sabhawala, the
data is available from 1964 onwards. The locations of
the observatories are given in Table 1.

Table 1. Locations of Observatories

Station Geographic Dipole
1. Alibag Latitude |18°37'N 9.7° N
Longitude | 72° 52’E 145.6°
2. Hyderabad | Latitude |17°25'N 7.9°N
Longitude | 78° 33’E 148.9°
3. Kodaikanal | Latitude |[10°14’'N 0.9°N

Longitude | 77° 28’E 149.1°

Latitude |30°22'N 20.9°N
Longitude | 77° 48’'E 151.5°

5. Trivandrum| Latitude |08°29'N 0.8°S
Longitude | 76° 58'E 148.5°

4. Sabhawala

Fractal Dimension

A mathematical fractal is defined as any series for
which the Hausdorff dimension exceeds the discrete
topological dimension (Drazin 1992) To each subset
of the Euclidean space R™ there is assigned a
topological dimension d which is an integer satisfying
the property 0< d < m. Mandelbrot & Van Ness (1968)
defined a fractal as a set with dimension D and
topological dimension d satisfying d<D. In fractal
geometry a point is defined as a dimension of ‘0’, a
straight line is defined as a dimension of ‘1’ and a
plane is defined as a dimension of ‘2’, etc. For H
component the dimension is almost ‘1’ for all the
stations and that is not the case for D and Z
components.

We have implemented the technique developed by
Higuchi (1988) and followed by Kabin & Papitashvilli
(1998).

If we have the observational time series of values
X(t) where time intervals are supposed to be equal,
then the increments of X can be defined as

Table 2. Fractal dimensions for secular variations

Station D-Component H-Component Z-Component
Alibag 1.20058 1.01014 1.05207
Hydereabad 0.77211 1.06765 1.08524
Kodaikanal 0.93063 1.0352 1.06363
Trivandrum 1.09439 1.01412 1.07855
Sabhawala 1.16774 1.05312 0.54655
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Al t- t) = X[t)-X([t), j>i. The non-normalized
apparent length of the time series curve is defined as:
L =zilAlt,-t)].

If X (t) is a fractal function, then the graph In (L,)
versus In (k) should be a straight line with a slope 1-
d (‘d’ is the fractal dimension) for small enough At.
For large values of A t, the graph In (L,) versus In (k)
can deviate from the straight line approximation
because in this case it is derived for just a few data
points chosen from the entire data set. In this range
there is not enough statistical information to
approximate the fractal properties of the curve.

Accordingly the fractal dimensions of the
geomagnetic secular variations of D, H and Z for the
five stations are calculated and their values are given
in the Table 2 and Fig. 4. Fractal analysis does not
suffer from discontinuity of data. If one or two data
points are deviating or missing, that will not affect
the result, as the slope of the straight line will not
change much, when the logarithm values of the total
variations are considered for the graph. Consequently,
the indication of somewhat unnatural deviations from
the smooth secular trends will not cause significant
difference from the expected values.

Lyapunov Exponent

Lyapunov exponent may be interpreted in terms of
information theory as giving the rate of loss of
information about the location of the initial point x;
for measuring the disorder of the system. The usual
test for chaos is the calculation of the largest Lyapunov
exponent. A positive largest Lyapunov exponent
indicates the presence of chaos. The Lyaponuv
exponent is defined (Drazin 1992) as follows:
Consider a continuously differential map F:
R—R and suppose that there exists A such that

| (x +e) = F(x ) | ~ ee™ as £—0, n—e< provided ee™ —0
. dre
ie., 8| — (XD) | ~ge™  asn—oc

dx
to express the average exponential separation of the
orbit starting at x +¢ from the orbit starting at x

Therefore,
) 1 de»
A=lim ) — ln|— (Xo)l
N—o< N dX0
A= lim {N-lln F (X ) F (X,) .. F (X)) I}
N—soc
1 N1
A= lim { — = Inl|F (Xn) |} where x = F* (x)
N—o< N n=0
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This shows that A is a measure of the exponential
separation of the neighboring orbits averaged over all
points of an orbit around an attractor.

Accordingly, the Lyapunov exponent for the
variations of the first order difference for the elements
D, H and Z have been determined and the values are
furnished Table 3.

Table 3. Lyapunov Exponent for Secular variations

Station D-Component | H-Component | Z-Component
Alibag -0.13358 1.25599 1.342067
Hyderabad | 0.079871 1.276273 1.488319
Kodaikanal | 0.009777 1.411562 1.544632
Trivandrum| 0.010177 1.240287 1.473539
Sabhawala | 0.105016 1.164021 0.105016

Phase space Analysis

Phase space is conceived as a coordinate space defined
by the state of variables of dynamical system (Donald
Turcotte 1997). In experiments, we usually do not
have the luxury of working with the actual vectors of
phase space variables. Normally only the time series
of a single variable is available to characterize the
behavior of each system. Therefore to be able to
analyze experimental as well as numerical data one
has to rely upon the phase space reconstruction
method (Abarbanel 1996)

A dynamical system is one whose state changes
with time (t). Two main types of dynamical system
are: (i) the one in which the time variable is discrete
(teZ or N ) and (ii) one with a continuous time
variable (teR). A discrete dynamical system can be
represented as the iteration of a function, i.e.,

m =f(X) te Zor N

When t is continuous, the dynamics is usually
described by a differential equation, dx/dt = x' =
X(x), where x represents the state of the system
(Arrowsmith & Place 1991) and the values assumed
by x give a geometrical description of the solutions
in the phase space. If the scattered final states exhibit
sensitive dependence on the incident condition, then
the process is called chaotic (Kruhl 1994). Accordingly,
the time delay embedding technique is used here to
carry out the phase space analysis. The idea of time
delay embedding technique is as follows:

Let us suppose that the given time series pertains
to the measurement of a variable x (t) among the
describing system. The first step in the embedding
technique is to construct an m-component delay or
state vector X, at time t=t _as
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Table 4. Correlation coefficient of D, H and Z components for phase space reconstructions

Station D-Component H-Component Z-Component
t, t, t, ¢, t, t, t, t, t,
Alibag 0.9974 0.9930 0.9877 | 09962  0.9883 09772 | 0.9919 09775 0.9592
Hyderabad 0.9868 0.9698 0.9589 | 0.9983 0.9950 0.9897 0.9963 09866 09728
Kodaikanal | 0.9910 0.9821 0.9735 | 0.9906 0.9666 0.9259 0.9969 09929  0.9839
Trivandrum | 0.9941 0.9850 0.9752 | 0.9769  0.9285 0.8535 0.9967 0.9885 0.9768
Sabhawala 0.9944 0.9879  0.9789 | 0.9973 0.9928 0.9870 0.9069 0.7939  0.6949
Fractal dimension for secular variation of D from 1960 to 1999
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Figure 4. Fractal dimension of D, H and Z elements of secular variations from 1960 to 1999
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X =[x(t), ,t), i x (t)], with x(t )=
x(t + (k-1)t) where tis an appropriate time delay.
The time delay t should be so chosen that it is small
enough to resolve the physical process of interest.
Now the m-dimensional reconstructed phase portrait
will have the same properties of Lyapunov exponent
and fractal dimension as one constructed from the
measurement of N independent variables. The points
in the phase space are chaotic in the sense that two
nearby points diverge rapidly with time before escaping
to infinity (Lakhina 1994) The figures 5, 6 and 7 show
the phase space reconstructions of the geomagnetic
secular variations for the values of t =1, t =2 and t
=3 (years). The corresponding correlation coefficients
are furnished in Table 4.

RESULTS AND DISCUSSION

Fractal dimensions, Lyapunov exponents and
correlation coefficients of phase space reconstructions
are provided in Tables 2, 3 and 4 respectively. Secular
variations of D, H and Z during this period are plotted
and presented in the figs 1, 2 and 3. The graphs for
the fractal dimensions and the correlation of phase
space reconstructions are given in the figs 4, 5, 6 and
7. Comparing the values of fractal dimensions,
Lyapunov exponent and phase space reconstructions,
we infer the following:

The fractal dimension of the declination D
component for the stations Alibag (d=1.20058) and
Hyderabad (d=0.77211) shows great difference though
geographically both the observatories are very close to
each other. Secular changes can result from: (a) change
in the magnitude of the principal (dipole source)
current within the earth (b) motion of that current,
causing a shift in the alignment of the dipole axis (the
dipole north pole is now moving about 18 km
northward and 5 km westward each year) and (c)
change in the westward drifting, non dipole parts of
the main field representation. The various harmonic
components in the field model seem to be moving at
different rates. The results that (i) there is a general
agreement between the change in the Earth’s spin
(excess length of a day) and the secular change in
declination from 1860 to about 1975 and (ii) one
millisecond per day change in time matches with
about one minute angular change in the D component
per year have been established (Campbell 1997). The
difference between the Alibag and Hyderabad
observatories in respect of the declination component
is attributed to the combination of fossil
magnetization in the Decean traps beneath Alibag and
deep-seated volcano-tectonic process nearby as
evidenced by seismic activity and hot springs in the
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vicinity (Srivastava & Abbas 1977). The positive value
of Lyapunov exponent indicates the presence of chaos.
Negative value of Lyapunov exponent indicates that the
Declination is linear in nature at the Alibag
observatory. The present analysis with extended data
indicates the persistence of the difference in D between
Alibag and Hyderabad found by Srivastava & Abbas but
the secular trends for H and Z are very similar.

The fractal dimension of the horizontal H
component for all the stations shows almost thesame
value which indicates very low secular variations
anomaly in the Indian regions. This again confirms
the earlier results of Bhardwaj & Rangarajan (1997)

The low fractal dimension (d=0.54655) for the
vertical Z component of the Sabhawala observatory
which is far away from the sea and not influenced by
geomagnetic coastal effects (Sridharan, Gururajan &
Ramasamy 2005) is attributed to the influence of a
deep-seated two-dimensional east-west current flow
south of Sabhawala, the tectonic history of the region,
especially the evolution of the Himalayas and the
character of the subsurface geology. Also this anomaly
is due to a sedimentary trough running parallel to the
Himalayas studied by Nityananda, Agarwal & Singh
(1981)

Lyapunov exponents of the first order difference for
D, H and Z components listed in Table 3 shows the
positive values for all the stations except for the D
component in Alibag observatory where the
declination component shows a negative value of
0.13358. Positive value for Lypunov exponent denotes
the divergence of the neighboring trajectories (Lakhina
1994), and thus confirms the chaotic behavior of the
geomagnetic secular variations. The positive value of
Lyapunov exponent enables one to identify chaotic
nature of the data. Negative value of Lyapunov
exponent at Alibag observatory indicates that the
Declinations are not varying much compared to the
variations of declination with the other observatories.
For phase space analysis, the increase in values of t
is an indication of divergence. The scattering positions
of two nearby orbits indicate the chaotic behavior of
a dynamical system (Lakhina 1994). As seen in the
figs 5, 6 and 7, the divergence in the scattering plot
reveals the low dimensional chaotic behavior of
geomagnetic secular variations. Figures 5, 6 and 7 are
graphs of the time delay variations for the individual
observatories and hence the labels are according to the
annual mean values of the observatories. The
correlation coefficients are found for the consecutive
time delay variations. The high values of correlation
coefficients show that the secular variations are not
varying rapidly during small intervals of 1 to 3 years.
Also the increase in the values of t corresponds to the
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Figure 5. Phase space for Secular variations of D from 1960 to 1999
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Figure 6. Phase space for Secular variations of H from 1960 to 1999
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decrease in the correlation coefficient. This agrees
with the previous results of Nandini Nagarajan (1992)

A feature common to the chaotic systems is that
as some external parameter is varied, the dynamical
behavior of the system changes. One aim of chaos
theory is to describe transitions from simple to
complicated motion from a universal point of view
(Warden 1993). Though there is very low secular
variations anomaly at the Indian geomagnetic
observatories, the existence of regional inconsistencies
of Hyderabad and Sabhawala observatories for the D
and Z components are confirmed in the present study.

CONCLUSIONS

The studies on fractal properties of the time series
data of geomagnetic variations at different observatories
will provide information on the topological behavior,
which may lead to significant theories as well as
applications. The recognition that the dynamics of a
system can be measured by fractal analysis provides a
new exciting and rigorous framework to understand
and to predict its pattern. So far there is no clearly
developed theory to testify what pre requirements and
conditions would be necessary for fractal calculation.
Hence we avoid further comments on this topic
leaving room for further discussion as there is a lack
of scientific demonstration as to how many statistical
samples are enough for fractal analysis in respect of
geomagnetic secular variations. As a result of this
study it is expected that the ideas and methodologies
explained in this paper may be very useful for the
observatory data analysis towards exploring some new
results in Geomagnetism.

ACKNOWLEDGEMENT

The authors are very grateful to the referee for the
comments and suggestions towards the improvement
of the paper.

REFERENCES

Abarbanel, D.I., 1996. Analysis of Observed Chaotic Data,
Springer-Verlag NewYork, p159.

Arrowsmith, D.K. & Place, C M., 1991. An Introduction to
Dynamical Systems, Cambridge University Press,
UK, p-1.

Bhardwaj, S.K & Rangarajan, G.K., 1997. Geomagnetic
secular variation at the Indian observatories; J.
geomag.Geoelectr, 49, 1131-1144.

Bhargava, B.N & Yacob, A., 1970. The secular variation of

the magnetic field and its cyclic components,
J.Atmos. Terr.Phys, 32, 365-372.

Campbell, W. H., 1997. Introduction to geomagnetic fields,
Cambridge University Press, UK, p 235.

Donald Turcotte, L., 1997. Fractals and Chaos in Geology
and Geophysics, Cambridge University press. U.K,
p231.

Drazin, P. G., 1992. Nonlinear Systems, Cambridge
University Press, p-127.

Higuchi, T., 1988. Approach to an irregular time series on
the basis of the fractal theory, Physica D, 31,277-283.

Kabin, K. & Papitashvili, V.O., 1998. Fractal properties of
the IMF and the Earth’s magnetotail field, Earth
Planet Space, 50, 87-90.

Kruhl, J.H., 1994. Fractals and Dynamic systems in
Geoscience, Springer-Verlag Berlin Heidelberg.,
Germany, p-166.

Lakhina, G.S., 1994. Solar wind-magnetosphere-ionosphere
coupling and Chaotic Dynamics, Surveys in
Geophysics, Kluwer Academic Publishers, Netherland
p.703-754.

Mandelbrot B.B & J.W van Ness., 1968. Fractional Brownian
motions, fractional noises and applications, SIAM
Review, 10, 422-437.

Nandini Nagarajan, 1992. A comparison of Secular variation
in the Indian Region with world-wide Trends, memoirs
Geological Society of India, No.24, 253-261.

Nityananda, N., Agarwal, A K & Singh, B.P, 1981. An
explanation of induced magnetic variations at
Sabhawala, India, Physics of the Earth and Planetary
Interiors, Elsevier Scientific Publishing Company,
Amsterdam- Printed in The Netherlands, 25,226-231.

Parkinson, W.D., 1983. Introduction to Geomagnetism,
Scottish Academic press, Edinburgh and London, p-3.

Rangarajan, G. K & Deka, R.C., 1991. The dip equator over
Peninsular India and its secular movement, Proc.
Indian Acad. Sci (Earth Planet. Sci) 100, 361-368.

Rangarajan, G. K., 1994. Secular variation in the
Geographic Location of the Dip Equator, Pageoph,
vol.143, No.4 697-711.

Sridharan, M & Ramasamy, A.M.S., 2002.
Multidimensional Scaling technique for —analysis of
magnetic storms at Indian Observatories., Proc.Indian
Acad.Sci. (Earth Planet. Sci.)111, 459-465.

Sridharan, M., Gururajan, N & Ramasamy, A.M.S., 2005.
Fuzzy clustering analysis to study geomagnetic coastal
effects, Annales Geophysicae, 23, 1157-1163.

Srivastava, B. ] & Abbas, H., 1977. Geomagnetic secular
variation in India-Regional and local features,
J.geomag.Geoelectr. 29, 51-64.

Warden, PE., 1993. Nonlinear phenomena and chaos in
Magnetic materials, Worod Scientific Pub.Co, p141.

(Accepted 2006 March 28®". Received 2006 March 13; in original form 2005 October 30)

184



Fractal Analysis for Geomagnetic Secular Variations

Mr.M.Sridharan is employed at the Magnetic Observatory of the Indian Institute of
Geomagnetism (IIGM) situated at Pondicherry. He was a scientific member of the 13th
(1993-1995) and 20* (2000-2001) Indian Scientific Expedition to Antarctica. He has published
number of research papers in Geomagnetism

Dr.A,M.S.Ramasamy obtained M.Sc., degree in Mathematics from University of Madras
in 1971 and Ph.d degree in Mathematics from Indian Institute of Technology, Kanpur in
1983. He has served on the faculties of Loyola College, Chennai and A.V.C.College
(Autonomous), Mayiladuthurai. Presently he is serving as Professor of Mathematics at
Pondicherry University, Pondicherry. A specialist in Diophantine equations, he has had a
method named after him for a system of Pell’s equations. His research interests include
Mathematical Modeling, Fuzzy Set Theory and Systems Analysis. He has guided three
candidates in doctoral work.

185



