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ABSTRACT

In this work the reconstruction of phase space and G-P algorithm (correlation dimension) are used to study
the chaotic characteristics of daily and weekly rainfall at Chennai, Tamil Nadu. The results show that the
daily and weekly rainfall series have a low dimensional chaos. This is also verified using Lyapunov exponent
method, which is used to confirm the presence of chaos. The maximum Lyapunov exponent is used to calculate
the predictability time. The essential number of parameters in the embedding dimension for the two series
were calculated to be 2. The sufficient number of parameters were calculated to be 4 and 6 respectively. The
presence of large number of zeros in the high resolution time series may result in underestimation of the
dimension, still correlation dimension is the elementary test for the chaos identification. The embedding
dimension calculated from the correlation dimension givesthe underlining number of parameters to be used
in the forecast model.

Key words: correlation dimension, daily and weekly rainfall, low dimensional chaos, Lyapunov exponent

method and embedding dimension.

INTRODUCTION

Time series data, such as rainfall, are very complex to
model and study. The difficulty lies in the large range of
variability displayed, both in time and space. The variables
are mostly inter-related and they are stochastic and
unpredictable. Nonlinear dynamics is a rapidly growing field
with a new set of tools to analyse such complex processes.
Investigation of the presence of low dimensional chaotic
behaviour in rainfall dynamics has been of much interest
lately. India Meteorological Department (IMD) has been
using the power regression and parametric models for long
range forecast of monsoon rainfall. These models are used
for long range forecast over India, as a whole and for the
four clusters of meteorological subdivisions. The statistical
models have innate limitations as an alternate technique
for the forecast of monsoon rainfall is desirable. Such a
model has not been developed so far forecasting techniques
for individual states and meteorological subdivisions
(Rajeevan, Michaeland and McPhaden, 2004). The Indian
rainfall, especially the summer monsoon system has been
analysed extensively. The winter monsoon or the northeast
monsoon is very less investigated, due its complexity. This
paper explores the possible number of variables that may
govern the dynamics in the rainfall series during northeast
monsoon season over Chennai city.

In any system, if the underlying dynamics is governed
by a deterministic equation, the system exhibits a nonlinear
chaotic nature which could be random (Kantz, Holger, and
Schreiber, 2004).The randomness in most of the natural
systems can be attributed to this reason. Initially,most of
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the forecast techniques used linear stochastic approach
(Harms, Archie and Campbell, 1967; Klemes, 1978; Salas
et al., 1981) mainly due to lack of other computational
methods.For a multivariate dynamical system like monsoon
an approach of Phase space reconstruction can be used to
study its dynamics (Packard and Norman, et al., 1980)
(Grassberger, Peter, and ItamarProcaccia, 1983). The phase
space method enables one to obtain information about the
behaviour of the system without explicit knowledge of the
dynamical system or its actual solutions (Satyan,1988). The
possibleshort term prediction in an intermittent time series
which is actually deterministic can be found using chaotic
analysis. The likelihood of long term prediction can also be
analysed. This simplifies the complexities in modelling the
natural systems and produces accurate prediction (Williams
and Garnett, 1997).

Several nonlinear methods, such as the method of time
delays (Takens and Floris, 1981}, correlation dimension,
Lyapunov spectrum (Sano, Masaki and Sawada, 1985),
mutual information (Fraser, Andrew and Harry, 1986)
and False nearest neighbour method (Kennel, Brown and
Abarbanel, 1992). Cao’s methodhave been widely used for
identifying the behaviour and to analyse the properties of
the systems (Cao and Liangyue,1997). It is reported that the
number of dimensions that governs a particular process can
be identified through nonlinear chaotic analysis which is
computationally easier (Sivakumar, 2000). The Correlation
dimension method is most widely used and it can be treated
as a method for substantiating the presence of chaos in the
system. The presence of chaos on different time scale of
the time series data is analysed. The rainfall for a period
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of 43 years (1971-2013) have been analysed with two time
scales, i.e., dailyseries and weekly series.

Study Area

Chennai city, situated on the shores of the Bay of Bengal,
is the capital of Tamil Nadu and the fourth largest
metropolis in India. The Chennai regional Metropolis
(with the latitude between 12°50'49" and 13°17'24", and
the longitude between 79°59'53" and 80°20'12") is located
on the Coramandal coast in South India and the land is
a flat coastal plain. Chennai has a tropical climate and
there is not much temperature variation among different
seasons. The annual rainfall recorded over Chennai is 122
cm. Occasional flooding takes place after intense rainfall
events. Most of this annual rainfall is recorded during
northeast monsoon season. The weather is hot and humid,
for most part of the year.

Data and Methodology

A data set of daily rainfall of Chennai city for a period
of 43 years (1971-2013) was obtained from Regional
Meteorological Centre, Chennai. This long term data is
considered due to the presence of 55% zeros in the daily
rainfall. The city records most of its rainfall only during
the northeast monsoon season (October to December). The
data set was arranged considering only October, November
and December daily rainfall values from 1971-2013. A total
of 3907 data points were used.

Chaotic analysis of Time series
Reconstruction of the phase space

For a scalar time series t x, where t = 1,2,..,N, the phase
space can be reconstructed using the method of delays. The
basic idea in the method of delays is that the evolution
of any single variable of a system is determined by the
other variables with which it interacts. Information about
the relevant variables, is thus implicitly contained in the
history of any single variable. On the basis of this an
“equivalent” phase space can be reconstructed by assigning

an element of the time series t x and its successive delays
as coordinates of a new vector time series

Y: = {x¢, Xtt, Xe21, ooy Xt-(m-l)t}

Where t = 1,2,...,N-(m-1)t/At, m is the dimension of
the vector Y;, also called the embedding and 7 is a delay
time taken to be some suitable multiple of the sampling
time At (Packard and Norman, et al., 1980). Take a
scalar time series x1, X2,...,Xn in system phase space as an
example. Supposing its dimension d is 1, its dimension
of embedding phase space should be three. If m=4 x;,
Xy, X3, X4 forms the first vector Y; of a four dimensional
state space and then moving right on step, X2, X3, X4, X5
forms the second vector Ys. Thus in the same way Y,
Yy, Y3,...,Y) forms the time series of reconstructed phase
space.

Correlation Dimension analysis:

In order to identify the Chaos in the system, it is first
embedded into an m-dimensional pseudo phase space
spanned by the time series and its time-shifted values so
that a point in the space is described by

X(t) = {X(t)r X(t—‘rT)/ e X['H’(m'l)’[]}l

Where x(t) is the time series and 7 is the fixed time delay.
The next step involves the calculation of the cumulative
correlation function (Henderson and Wells, 1988).

N

c() = A% Z H(l -,
ij=1

Where rij is the Euclidean distance between the i and
i points, N is the total number of points, 1 is a distance
variable and H is the Heaviside function with H(x) = 0 if
x< 0 and H(x) =1 if x> 0. Next we calculate the slope d(m)
of the linear part of the InC(1) vs.In (1) curve by fitting a least
square line. By repeating the process for m =1,2,3,4,5...
we obtain successive estimates of the attractor dimension.
If the slope converges to a limiting value do= d(M) =
d(M+1) =.... ,then d is the true correlation dimension of
the attractor and the corresponding embedding dimension
M is a measure of the number of variable sufficient to
model the dynamics. A non-integer value of d. indicates

Table 1. Statistics of rainfall data for different temporal scales at Chennai city

Parameters Daily rainfall(mm) Weekly rainfall(mm)
Number of data 3906 558

Mean 9.028 63.19
Standard deviation 23.741 89.714
Coefficient of Variation 2.63 1.42
maximum value 346.6 604.5
Minimum value 0.0 0.0
Percentage of zeros 55 % 17%
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Figure 1a. Time series plot of Chennai Daily rainfall (mm).
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Figure 1b. A plot for the number of rainy days from 1971-2013.
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Figure 1c. A plot for the amount of rainfall received from 1971-2013.
the presence of a strange attractor, a term coined by Ruelle Analysis of Chennai daily rainfall series
and Takens (Ruelle, David and Takens,1971), signifying
deterministic but chaotic dynamics. It is interesting to Chennai daily rainfall time series data are used for analysis.
note that there will be no saturation of slopes for a purely The number of data point is 3907 daily total with 45% of
random time series. nonzero values in it. Figure 1a shows the time series plot
In order to investigate the existence of chaotic for the daily rainfall data.Even though there are prominent

behaviour in the rainfall dynamics on different time scales, peaks observed in the plot, the irregular behaviour of the
we applied the method sketched above to 43 year time series does not indicate whether the series is deterministic,
series of Chennai city’s northeast monsoon rainfall. The stochastic or chaotic. Inorder to analyse the daily rainfall
data were grouped into two sets, a daily series and weekly data, a graph is plotted by considering the number of rainy
series. Table 1 gives some of the important statistics of days in each year (Figure 1b) and another plot is made for
the rainfall series. the total amount of rainfall received in each year (Figure 1c).
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Figure 3. Correlation sum for daily rainfall series for different embedding dimension (m=1 to m=10).
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Figure 4. Reconstructed phase space for Chennai daily rainfall.

The trendline in the plot clearly shows that the
number of rainy days increases (increasing trend) and at
the same time the intensity (amount) of rainfall decreases
(decreasing trend). Chennai has experienced particularly
heavy rains roughly once every 10 years—1969, 1976,
1985, 1996, 1998, 2005 and 2015

Further investigation is done using the correlation
dimension.The time delay was calculated using the Average
Mutual Information (AMI) function using the Visual
recurrence analysis (VRA). The delay coordinate for Chennai
daily rainfall series was 8.

Figure 2 shows the AMI chart for the daily series.
The correlation sum and the correlation exponent were
calculated using the R statistical software. Figure 3 shows
the correlation sum for daily rainfall data for a time delay
of 8. The correlation exponent increases with increase in
embedding dimension up to a certain value and saturates
further. The saturation value of the correlation dimension
dc =0.487. This indicates the presence of a low dimension
attractor in Chennai daily rainfall series. The dimension of
a reconstructed phase space can be estimated from Takens
(1981) embedding theorem. It was calculated to be 1.974.
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Figure 5. Relation between correlation dimension and Embedding dimension for Chennai daily rainfall series.

= =1

s00 |

5 00

400 |

Rirfd

300

200

‘“:O g hJ.h.l.l;.d Isul. | u.-l.l a. i]L.I‘I u l..l_hi .|||J:| M

Tirws s G s bl o3

Figure 6. Time series plot of Chennai weekly rainfall.
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Figure 7. Time lag by average mutual information function for weekly rainfall.

A reconstructed space phase for the daily rainfall series
is in two dimension with m=2, time delay 1= 1 is shown
in Figure 4. The projection of attractor on the plane {X;,
Xit+1} is shown here. It can be inferred from the figure that
the projection does not show a clear well defined attractor.
Also it is not scattered over the entire region of phase space.
The Figure 4 suggests that the dynamics of Chennai city
rainfall exhibits intermediate level of complexity.

The estimation of embedding dimension, m, was
further verified by the False Nearest Neighbour (FNN)
method using Visual Recurrence Analysis (VRA). The
value from FNN method was estimated to be m=1. The
saturation value of the correlation exponent presented in
Figure 5 occurs at m= 4. This value of saturation provides
the upper bound of phase space sufficient to describe
the dynamics of the attractor. According to the theory of
non-linear dynamics, the dimension of the phase space
is equal to number of variables present in the evolution
of the system. Thus in the analysis of the Chennai daily
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rainfall series, the low dimensional attractor in it can be
modelled with minimum number of essential variables
equal to 2 and number of sufficient variables is 8. Thus
on a small temporal scale the rainfall dynamics shows
persistence.

Analysis of Chennai weekly rainfall series:

Chaotic analysis was performed using the time series
for the weekly rainfall data. The data from Thursday to
Wednesday (meteorological week in use in IMD) were
aggregated to form the weekly data. Figure 6 shows the
weekly rainfall data record.

The total number of samples is 558 with 83 % of
non-zero values in it. The average mutual information
function for the weekly time data is shown in the Figure
7. It is clear from the figure that the there is a complete
loss of information after two weeks indicating it is an
optimal time delay.
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Figure 8. Correlation sum graph for the weekly rainfall.
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Figure 10. Phase space reconstruction for weekly rainfall.

The correlation sum for the weekly rainfall data
is shown in Figure 8. The relationship between the
correlation exponent and the embedding dimension for
the reconstructed phase space is shown in Figure 9.
The correlation exponent increases with increase in the
embedding dimension up to a certain value and saturates
at dc = 0.655.Thus the sufficient embedding dimension
for describing the system as per Taken’s (1981) theorem
was found to be 2.31.

The saturation value of the correlation exponent
presented in Figure 9 occurs at m= 6. This value of
saturation provides the upper bound of phase space

sufficient to describe the dynamics of the attractor.
According to the theory of non-linear dynamics the
dimension of the phase space is equal to the number of
variables present in the evolution of the system.

Thus in the analysis of the Chennai daily rainfall series,
the low dimensional attractor in it can be modelled with
minimum number of essential variables equal to 2 and
number of sufficient variables is 8. Thus on a small temporal
scale the rainfall dynamics shows persistence. The essential
number of variables required for the evolution of the system
is same for both daily and the weekly rainfall, unlike the 8
parameter model used by Guhathakurta et al.,(1999).

571



S. Tamil Selvi and R. Samuel Selvaraj

0.8

0.6
0.9

0.2

0.2

-0.4a

31
3401
|
M

Lyapunov exponent
0

-0.6
0.8

-1.z2

NMumber of daily rainfall data

Figure 11a. Maximal Lyapunov exponent for the daily rainfall.

0.5

Lyapunov exponent

1019

A
L]
— e e e
= L = = L =
= = =

=

P
o
—

—
el
=3

P

=

= =
= b=

—
el
="

=3 T P e s
— £ Lo = = — Lo
— 3 e e = PSS e

=

s ]

Mumber of weekly rainfall data

Figure 11b. Maximal Lyapunov exponent for the weekly rainfall.

In order to study monsoon rainfall, two parameters are
sufficient to model the station rainfall. The two dimensional
reconstructed phase space plot is shown in Figure 10. In
comparison to the phase space plot of thedaily series,
the weekly series shows quite a good spread over the
phase region and the presence of number of zeros that
influenced daily rainfall has considerably reduced in the
weekly rainfall.

Lyapunov exponent

The Lyapunov exponent is a measure of the rate of
attraction to or repulsion from a fixed point in the phase
space. One of the most prominent evidences of chaotic
behavior of a chaotic system is the existence of positive
Lyaponuv exponent. A positive Lyapunov exponent
indicates divergence of trajectories in one direction,
or alternatively, expansion of an initial volume in this
direction, and a negative Lyapunov exponent indicates
convergence oftrajectories or contraction of volume along
another direction. This average rate of divergence can be
estimated by the method of Wolf et al.,(1985) and the
Rosenstein et al.,(1993) algorithm.The maximumLyapunov
exponent calculated for the daily and weekly rainfall
timeseries using Rosenstein algorithm are0.613417/day
and 2.163982/weekrespectively as shown in Figure 11a
and 11b. The Lyapunov time is defined as the inverse of
the maximum Lyapunov exponent.
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DISCUSSIONS

1997 monsoon holds the record with the highest average
rainfall. The year 2005 made another record of maximum
annualrainfall (Ramakrishnan, 2006).Figures 1b and
lc clearly show that the number of rainy days slightly
increases (increasing trend) while the intensity (amount)
of rainfall slightly decreases (decreasing trend). We can
conclude that, Chennai has experienced particularly heavy
rains roughly once every 10 years—1969, 1976, 1985,
1997, 2005, 2015. Y.E.A. Raj, former Deputy Director
General of Meteorology,Regional Meteorological Centre,
Chennai,pointed out that El Nino has a positive effect on
winter monsoon but the phenomenon is not the only factor
deciding a bountiful monsoon. "Even without El Nino, we
had a good northeast monsoon many a time. The year 2005
received 79% excess rainfall, but it was not attributed to El
Nino effect." 1997 was an El Nino year that saw vigorous
rains in Chennai.

The correlation exponent value and the embedding
dimension essential for describing the system and the
sufficient number of embedding dimension giving the
evolution of the system are presented in table 2.The
coefficient of variation for the daily and weekly time
series data are shown in the table 1. For the two series
the correlation exponent value increases up to a certain
embedding dimension values beyond which it saturates.
This is an indication of some low dimension chaos in
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Table 2. Correlation dimension result for the rainfall data on different temporal scales.

Parameters Daily rainfall Weekly rainfall
Correlation dimension 0.487 0.655
Delay time 8 2
Essential embedding dimension 1.97 ~ 2 2.31 ~ 2
Sufficient embedding dimension 4 6

the system. The correlation exponent value for the
daily and weekly series are 0.487 and 0.655 respectively.
The corresponding embedding dimension value for the
two series is 1.97 and 2.31 (Table 2). This value gives
the number of essential variables required to study the
Chennai rainfall dynamics as 2 and the sufficient number
of variables involved in the evolution of the system is 4
for daily series and 6 for weekly series.

The irregularity of the values in the time series can be
represented by correlation dimension. A series with high(low)
variability in values provides a higher(lower) dimension,
which in turn, indicates higher(lower) complexity in the
dynamic of the process. From the above results the variability
of the rainfall for the two series is not seen explicitly. In
nature the temporal accretion of the rainfall often decreases
the variability. The values of the coefficient of variation in
Table 2 also support the above point.

The phase space trajectory alone does not imply a
chaotic system, hence, the need for further investigation
arises. An indicator of nonlinearity in dynamical or
time series data is the Lyapunov exponent. A positive
Lyapunov value is an indicator of chaos. Chaotic system is
strongly sensitive to initial value. TheLyapunov exponent
predictability time gives the forecasting period up to which
we can get reliable forecast. The maximum Lyapunov
exponent is calculated for the daily and weekly rainfall time
series as 0.613417 and 2.163982 respectively. This implies
that the system is unstable and chaotic. The Lyapunov
time is defined as the inverse of the maximum Lyapunov
exponent. For the above system, the value of Lyapunov
time is 1.630 and 0.462 for the daily and weekly rainfall
respectively. This indicates the prediction time after which
the system starts to behave in a chaotic manner.

CONCLUSIONS

Using the correlation dimension value, the rainfall
dynamics of the Chennai city rainfall was examined for two
temporal scales, daily and weekly. The principal assumption
was that the influence of the presence of zeros in the
rainfall series will be minimised if a different temporal scale
is chosen. The result provided evidence that the rainfall
dynamics can be characterised by deterministic chaos. The
correlation dimension value for the daily and weekly rainfall
series were 0.487 and 0.655 respectively. This suggests that

there is a low dimension chaos prevailing in the dynamics
of the system. Also the essential number of variables for the
evolution of the system is 2 for both the temporal scales
and the sufficient number of the variables required for the
evolution of the system is 4 and 6 respectively. Thus the
correlation dimension method serves as a basic step in
chaos identification. The selection of number of parameters
to model the rainfall dynamics in India is always a
debatable issue. The correlation dimension method helps
to identify the exact number of variables involved in the
evolution of the system. An important limitation in the
present analysis is the presence of large number of zeros.
This may result in the underestimation of the correlation
dimension. Thus the presence of chaos is confirmed by one
of the non-linear test such as Lyapunov exponent method,
to strengthen the current result. Therefore, we conclude
that daily and weekly forecast can be preparedfor short
to medium time scale, due to its intrinsic complexity.
From the analysis results, we arrive at a conclusion that
the dynamical behaviour of Chennai daily and weekly
rainfall has a low-dimensional chaos and hence, long term
prediction is nearly impossible.
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